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Average Running Time of QuickSort

QuickSort Theorem : for every input array of length n, the average
running time of QuickSort (with random pivots) is O(nlog(n)).

Note : holds for every input. [no assumptions on the data ]

- recall our guiding principles !

- “average” is over random choices made by the algorithm
(i.e., the pivot choices)
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The Story So Far

# of comparisons between input elements
# of comparisons between z; and z;
|

<

s Q
Q2
I I

ith, jth smallest entries in array

n—1 n
e 5i0) -5 3
v - _ .
i—1 kit 1 = Prlz; z; get compared|

Key Claim :foralli<j, Pr(z, z; get compared ] = 2/(j-i+1)
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Proof of Key Claim [

compared] =
Fix z, z; withi<]j 2/(j-i+1)
Consider the set z,z,,,,...,2; ,Z;

Inductively : as long as none of these are chosen as a
pivot, all are passed to the same recursive call.

Consider the first among z,,z,,,,..,2; 1,Z; that gets chosen as a
pivot.
1. If z;or z; gets chosen first, then z; and z; get compared Y
. \CY
2. If one of z;,4,...,z,; gets chosen first then z;and z; are INSIGHT
never compared [split into different recursive calls]
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Proof of Key Claim (con’d)

1. z orz gets chosen first => they get compared
2. oneofz,,,..,z;, gets chosen first => z,, z; never compared

Note : Since pivots always chosen uniformly at random, each of
Z;)Z;41,--,25.1,2; 1S equally likely to be the first

e — Choices that lead to
=Pr(z,z,get compared ] = 2/(j-i+1)  case(n)
otal # of choices

n—1 n [Still need to show
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