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Mary Woottess
AGENDA
@D Saving UnderDeTERMINED LINEAR.  SyerEMS
@) WHAT SHOULD WE HOPE FOR ?
@ A SoLumioN via LINEAR PRagRAMMING: INTWITION
@) ©emaL () Proos

@ SOLVH\IE, UNDERDETERMINED LINEAR SYSTEMS

Reom('bd (T_cchWB in this course you'\m beon M(M& obodl exact selubvons:
wsum can You ‘Fno( exact solubons fo NP-ferd Pmblnms?

Today, we'll see andfiur exanple of tois: compressed sensizg.

Consider o, Qinear sas-lem Ax=‘> Hnat lookes ,@{L'ﬁn's:

1
~N
- { A v = |b
—n;ltd' |'s/ 'f’w f\jﬁ‘em Is
_ wnder defeminad.

(M(V\..) "

PROBLEM: Given A, b, Q\'no[ X .

Tais Yrb\ola,w\ is eifar impossilgle o adh \IQ/LG i/ﬂ'ev'vesh‘/\ckJ cﬂgpe/\dima an %M\[UA ask it :
- H's l'mposs-/'bl.z h frd “#ma " sduhon, as there may b(mana soluhions .
- s easy 0 fad “a” soluhan (some X sotnaf Ax=b).

However, his Pmlotzm e covvies {nJremesh'A% if we assume x is SPARSE :

|
Def [ A vechr we R s et-Spam- iCi hos at amast ‘£ noneevo enbvies:

\Supp(%)l < %
—_
support of %




pd
The assumphon tnat x is  sparse (or naarly sparse ) shows W o Lot

M\{ Voic (s
@ appmximajrd%
j; : Spacse (in e
J 3 LGN f:r’e%uuua c(mm'a).
\
74 [
This pid\m& (s i Pichu’e is “This Pi( have (s also »4::".@55{
Sparse Qppmxima{el\{ Sparee, appmximu{d\{ PR s h.’(’%;:','f'

in awavelet \asis .

TVV,SQ, Mo relaxuj{mg (app(\)ximaft Spam'k& and sp.mih%q(%r« dAQV\ﬂ{ op loasis) YVleQ “Splr&ihx" )
\/e,n&nqlwqﬂ assumplion. for simph'cih‘, for tws lectvre we will consider onlx} exack stsI!\P
inthe sendavd asis. Db o @ edend our discussion to Hese wore %cmral vohuns.

S, wvve fave:

PROBLEM:  Given A, ad Ax-=b fr some ﬁ~SPem X find .

Thee 2 two ways bo ir\{wgmlc tis ?m\ol:zm, both \’f\+er‘csh'ncq.

" Srarse Recovery "or * CotResseD Sensing” "SPARSE NPRGRMATION
5| Prawem 4 LebxelR be kesparre ProgLem 2. Qiven A and b,
Thocis Given A ond b =Ax J fad anx% e{~spavu % So thal
f‘f;’i“;’”;ﬁjht fird &2 »that & =x. Ax=b.
ask (or
’Q&x .C Q
HQ\N, we s\}\m\d {\M e orginald x. Heve, we just want fo iad any
[ per Wodar it should be ’Ukvll'?ut. Sparwe so\{v\h'on (ossu\mf/\l‘ it exists).

We will Focus on thais o 1nthis lachure.
Spane dproximaton is clrzarla&m easier of Hhe Ywo and eJﬁead% Yis is NP- fedd.

|
T | SPARSE -APPROX (MATION is NP-fed.
] [Ma‘um\&an 1998, Davis 1147 ]

The proflis by reducfion om EXACT-COVER - sy - 3SETS.
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SO what ﬂapc co voe ﬁave? The TApufs eed not be worst case: '

In many applicafions, e et fo desfﬁh e mabvix A

EXAMPLE APPLICATIONS:
= Sparse T‘“""Q G \'Mﬂax Compressian.
1 want to compress data bf wn'h'ncé it as a Sparse lingar  combinabion of
o (ixed “d{ch'o(\an.« " of yechrs (Huese aretna columns of A) - T 1 fo choose fhe did\'onmJ
- “Sinﬂlm Pixel camas”
Tnstead o(l “VM"& :M&at.s Ptu_Q- bj- pixel in fhe skandaved basl's) inslead acrgme. an irm:(. i o«compmsfed Rom L"é
vnnnsuo‘/u& Yinear aombtrabons of Piml;. Here, we ct;dt fo dnoose. e [ineur ombinabions, aka Ha mamix A
- MRL
Measuremants (ina SM((&«! version) awve o fina o <LQ, %5, whee % Is &
Spawse veckx ard (.e is o vw of Mme  Discrele Fovaer Transpwm.

So Ha P«dohvm st
A ? . H S Tn nis example, wore samplas
Vi I means moce fima intu MRT,
( Sulosampled DFT. : whichis expensive and
' find % =% somehines wadically impossible.
Here, we doa' t-lhave cmplofe. 1 h 4db. (1€ somaone's Waart wiads o lag, o).
conbrolover [\ but it's defini Mq Ly S0 we want o wirimize
not worst = cnse. e nuwnes of rows.
- Shmmms o\\céorﬂﬂ/\ms :

- Hovea data stream of elumants in some univese -

ard we'd like bo estimate e wosk feert elewerts , ia vy small spac.
- Keop uspoll “sketth® of ta dofn: whea ihem 1 avvives, update e sketoh b:j:

. | ]
= kahching mat
B‘; é la_j S n s exawply, Yhe
Skatc

number of nws o e woctn’x

S/’Z"c4 1evrtn Posih'M is the st *Y‘Q wired. So we
"”G:/;f(" want fo miniasize T wumber of
U ows .
AF e end o] Hia day, we have
\ Skeh’/\inﬂ wadn = B and we want fo idu\(\Q\‘
. Sketda e support of .
Here, we frave contml over
KA Cjooc{ c{‘uqsf\‘m ts: but don't we hove fo < approvimalely sparee fna Sko.-kJni(la mahix.
Stoetne wakik bo? T tums out (we won't Qm‘sbs‘mm oumants
Yl i about it teday ), \ou Can make trase,
Mahias vouy txplicit + Shudured, o you dun't %

need bo store” mudh.



[n Haese applicabans p-t
L We have &l or Po.r’n‘aﬂ contol of A, and
2. Wewould fike A to frave as o nws as possible.

This ads us o Y ?DUOW\'/\Q& %mesh'ons:

— Quesnons

1 Tor what wabnees A is there at vost ome sparse  soluhion [o Ax=p ?
2. Yor what matnes A canwe find a spasie solubon bo Aw=b efficiently?

3. Avd, elow an we vvu‘/\l'Mizg‘ﬂAa vmwlher oQ vows of A in \OGH/\O(’ e Soove?

We will facde. 4l o-p Hase %mﬁ'ons at MSEV\AU\'W, bﬁ céi\lmc& o conclifon o
A So that

1. Thayeis Q’W\\‘%UQ salubvon

2. We can §nd it Qfé‘dev\ﬂ\{

3. There exist madvices A witaHais condthon and wilf(/\\/e/\a ﬁ%o Yows.

@ WHAT CAN WE HOPE £0R?

Suppose we vanttere o be a fUm'cGu.L ﬁ—spam solupon fo

A RSN
HE

HOW Mcma ows YW Yuust A e\avd

On the bk o an enveloge, thare are KE\ ) possible. supparis Qn- X, So we need
at Lust loa(:) & kloa("/k] boits i order fo dl'ﬂ\'nauish Yrare  different Possﬂoilih'es.

So inhxi\we\\(, we m‘c&\t expeck fo wd wm 3 fi ,Qo%(“/bd 'Yows.

“This Ar%uwn’r doesth really make sense, sin o dlwants of b are veal numbes, not bits,
ond in fact Qr exact SpaaiF\( Y Qd\.kCL“t% aﬁr awoy with = Ae.

Vowever, his \ine of reasoning is pretty huty and me awn show (see, e T DoRe, Trdyk, P, Wedulf 1)
hat for oppraimate S\:»a\rsﬂt& m= QY e‘{(oa("/k_)) weuuewants  are needed, and this is
\what we'll shoet Re hdaY.




(@) A sounon wa LINERR PROGRAMMING. (Tntuimon ) b
(an) What should we ’wa? We d liketo solve:

find fue sparsest vechor xS0 Ehat Ax =b

aka
l aminimize Wl s6.  Ax=b.
‘—".‘)
fhis is e Do norm”,

which is 2 sparsityef X.
(s aot nall% o narm),

\Oul-if\cama.mﬁ-\'mis is NPViurd. |nstead, we consider an [P relaxabion inslead:

(LP) aminimize  llxfl, st. Ax =b. é/\

‘/C This is a hnear prgam:
lxly = 250 %1 st Jg vioem, - Hla varaldas are

’K.,..., 'x-n) /léll"') '5,\
We can sobve (LP) C(B'demﬂul - mcgmm i, cloes it (&ve(‘w. Correct Qymwes? “fe objechive fn is
T
Gleomnln'c i huibon: - The conshaiats are

L szb
Yo > -9
<> fy‘-s K¢

~ — tha linesr space T\MPOMJV inthis subospace.
Ax=b that minimizes Wy alco
Qowe| sets of? B\Qppens Yo be Sp@rse.,
the abjective,

JQAVIC/\'O/) Il %/‘_1

The P\'duvt indicales ok this mrcdr\& be agood (dea Since the @ ool 1 “Poi(vl'\(."
OF course, it won't a&wm{s work — Y but (o M(é i€ Mo st Jx:Ax=b3 s
“c&uwid' exlou%h , O intuiben Wil e Ok.

\WARNING, - The Q-dimensionad Pl’cﬁAre_éJ()nve w\\'ﬁ&{- Doadl YDM b conclude dnat thare’s

reaﬂta o P:Joluv\ atall, ond that fne onh& bad aase is [tke fwis N .
I 'Qa.cl-, it slnuqux'l—Lc obvious ‘h\otl' Wis (aduihon b\

works in eun&m.r dimonsions.  Sor exnm,?b. , n Fdimansions,

M picture could ook like Hhis:
P b \W\ia poitﬂ‘ s e

Ax= - parwest  (its 1-sparse)

<
@-:M\'s PQ{J\* ——r"?
(as:v:\ ::n’:!m / K ﬂ:l ol




( 38 ) What is the condition we s(,nou\cl Plauz on A?

H's nedural 4o look st sparse vecfors in e hemed oQ A
Indeed, cn obvious obstacle o Gndi/ﬁ X is i tare are TWO spavse soluhons:

b= Ax, = Ax, and \lx.llb,llxzﬂbsg.
‘A('X;L"%L) :O

_
Ak - sparse.,

So we def\‘/\iklxémd;
TVWQ are vio Spoxsg Vectors inte  kemal 0@ A
We'l( Just smmfvw s o UHa loik:

There gre no SPARSE- ISH vechrs in tha Qw/onQ A.

\Well w3y Het o vector is “Spcms.z—ise\" i€ its ﬂo(—foosPn:acJ out .
|
DEE| A veckr xe R s (&,c)~spum-(s€\ {

iy, > = Ixily.

'S

W\/\:S slooulcf ‘W\isdz_er\fh‘w\ e\qva 8V\k/+‘/‘;"('lg o do w?‘h’\ SPQFS‘;'L&?

\Ne alwatss e\wf_,

, © @
o “'x/ “1 < l\%“ 2 < l(lx- "1 ’MIS Fla& VCCfVI‘
Vn ﬂ R_ Tust te fas W (i >> lixil,
Ca.uc\ntj— &hwwé, ’\ms SPM\:Q.
vechor ha
@ i5 (.\-3\,* R 1 - specse. vecors ((xUy = llxll2
@ is l'\'a\n{- gor CompLQ}eluI qu'F\/e ctors. Q ball

Q4 oo
So Hue conditonthed  lixly > = lxiy is laoundl\/\:&
% Ckwu% fom fe Flat ca, roword fue Spoie (use.
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(&) FoRMAL () STTEMENT and PROOE

|
Theorem 1. SUPPOR that A hes no ‘;\\? — sparseih vectors in Ker(A).

Let xe R be fspase  and bt b=Ax.
Then (LP) refums X =x.

Tworean 1 is made pudh  Yvoce {AW'A% ‘OL&‘HAQ Collow\'n% FU&.

|
Theorem 4. . € m= Q(Qe(océ(w\), Hon o mxn mabx A whose_
entries afe iid © Qawssion. fhas no zﬂ’i: —vechors in trs kemed

wita Q/\ic&b\ \)(doaloil\'l-va.
We will punt on tre pva of Twm 2 (it's not sofhard ) , Aside: Tam 2 also e\ofds f
and Pouus Yare of e P(DO@ £ Tam 1. A Vs Tid 4 entves, or
many ofer natuad  randon.
Proof of Theorem 1. endnbbs. THalo folds
( mkf‘:,ﬂim (QossiblY at e cost of @ fea
S\Appose ot (LP) rebms W, while H hue ansier is X lQ%an"rMm"c faorg) for ﬂu\c{omb
this implies that (W14 €11% Iy Sampled rows of a DET as per
e MR I exomple.
We'd Qikato dhouwy et this can't happen (wiless w=% ). Yiadin explicit constuchons
That is, wed like to dhow: 01( such mafnees is mhi%oPm
PmbLuv\.

Porall W sofrat Aw=Ax, llwlly > lizly.

&dwr aside:

Anoﬂ\a* common. suffcient conditinn is
Weke  w= x+ 5 K/\ﬁe Kee(A), o bs assumphon e * Reshicked lsmhd\’myerﬁ}"

itis NOT— “T‘J’v{ -spmu‘sL. (Klf’), which sa\ls frat Vspo.m x,
U-e) lIX1l, €NAX[l, € (4+€)lixlly
Lek T be e SuPPorl- o(l X, o III < e for soma Sl €.

Lee J = CwIN\T

N & Suppose that —Y csmld

\\\ o looks |ilee Mis. \oole \\\oe'

| SO A s ShN N\ A

— f 'S
—

—_—
— Y ~—
h/_“—"‘ . nw X not l\x;‘ ’
all e mass J not- oo much SPOJS?— gh.

ishare mass have (urnmiwlu/:,).



Tor a veckor 2, Qot 27 dencte e vestichion of 2 fo e indi'ees
in I, with +ne rest of e coordinates 2eroed out.
Thus

)

Nwil, = | Lrylly

= Iy lly « eyl

o\
”\Y‘;‘*:;‘%“J\H
Ocegdplly 2 Usglly — Myglly = loclly = Uy iy
“ (X\'S)J “'_L = l\ ké:r“l i ll’\jui ‘“’\jI “1

So flwlly = llefly +iylly — Aiyglls
—_

MORE PRecise, v This is small since
isw't very sparse-ish,

£

= CLAIM:  fiyglly € 'qlmd'h

Proof. Ny lly ; (K vyl € (i Dyl < K % j_ﬂ.:\‘l““a“i = ¢ Iyl §

A\ "
Cquh‘d- . def. of ro
il w:’ri\m:ore_ Sp“fs&-rsk S"“PI\GCM)O/\.
Ve e
Thus,
(wily = (lxily + ‘_zllhél\i i ity anless Y=0 (in Which cuse x=w).

“This s what we wanted o prove, SO Now we're done. &

This shaws tnat, Rc “most” mabies A, LP) will acf\m{lj solve our\:)mbluv\ e(Fm‘mHté.’

RECAP .
- QOfen, we want do Gad « (fum'c@m) Spove X Se Wat A’x-—(::, (o ase\or—l- -F& wa bix A
- This ’\)/\90(91\/\ is impessible woithout the spursfka ossM, gnd NP fard (v iaputs A, L) in He ot - case.
= However, fr most” matrias A witie  (2Rlogta)) vows, it is trackible, andan LP gives exacty
e vi cél/d- nswer !
- We onl:s Yelked clbout exact g?ursi'\a and exadt re.co\/emzs ) bat i+ fums out et these resuH-s
CGon be mack Thust $o noise.




